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O(n2)



⇒

!

!

!
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!

!

⊥ ω σ

!

!



!

!

⊥ ω σ

!

!



!

!

⊥ ω σ

!

!



!

!

⊥ ω σ

!

!



! x1, . . . , xn R
! t + − · /

3(x1 + x2)− 1
! B t1 ≤ t2 = <
! p

! x := t
! p ;q
! B p q
! B p



! s : {x1, . . . , xn} → R

! S
! s : { } ⇀ R
! s : { } → R⊥

! p !p" : S ⇀ S

! !x := t"(s) ! s[s(t)/x]

! !p ;q"(s) ! !q"(!p"(s))

! ! B p q"(s) !
{

!p"(s), s " B

!q"(s), s ̸" B
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! !x := t"(s) ! s[s(t)/x]

! !p ;q"(s) ! !q"(!p"(s))

! ! B p q"(s) !
{

!p"(s), s " B
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! s : {x1, . . . , xn} → R
! S
! s : { } ⇀ R
! s : { } → R⊥

! p !p" : S ⇀ S

! !x := t"(s) ! s[s(t)/x]

! !p ;q"(s) ! !q"(!p"(s))

! ! B p q"(s) !
{

!p"(s), s " B

!q"(s), s ̸" B



! B p"(s) !
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

s, s ̸" B

!p"(s), s " B ∧ !p"(s) ̸" B

!p"(!p"(s)), s " B ∧ !p"(s) " B ∧ !p"(!p"(s)) ̸" B

!p"n(s), ∀m < n !p"m(s) " B ∧ !p"n(s)) ̸" B

,



!B" = {(s, s) | s " B}
!B̄" = {(s, s) | s ̸" B}

! B p" ! !B̄" ∪ !B ;p ;B̄" ∪ !B ;p ;B ;p ;B̄" ∪ · · ·

=
⋃

n

!(B ;p)n ;B̄"



!p" ⊆ S × S p

! !x := t" ! {(s, s[s(t)/x]) | s ∈ S}

! !p ;q" ! !p" ;!q"
! ! B p q" ! !B ;p" ∪ !B̄ ;q"
! ! B p" ! ⋃

n !(B ;p)n ;B̄"
(
⋃

n !(B ;p)n");!B̄"
!(B ;p)∗ ;B̄"



! B p" = !(B ;p)∗ ;B̄" =
⋃

n

!(B ;p)n ;B̄"

⊆

W = !B̄" ∪ !B ;p" ;W

τ(W ) ! !B̄" ∪ !B ;p" ;W

∅ ⊆ τ(∅) ⊆ τ 2(∅) ⊆ · · · ! B p" =
⋃

n

τn(∅)



! B p" = !(B ;p)∗ ;B̄" =
⋃

n

!(B ;p)n ;B̄"

⊆

W = !B̄" ∪ !B ;p" ;W

τ(W ) ! !B̄" ∪ !B ;p" ;W

∅ ⊆ τ(∅) ⊆ τ 2(∅) ⊆ · · · ! B p" =
⋃

n

τn(∅)



ω ω

ω (A,⊑,⊥)

! ⊑
! ⊥
! a0 ⊑ a1 ⊑ a2 ⊑ · · ·⊔

n an
! am ⊑

⊔
n an m

! am ⊑ b m
⊔

n an ⊑ b



ω

! τ : D1 → D2

! a ⊑ b τ(a) ⊑ τ(b)
! a0 ⊑ a1 ⊑ a2 ⊑ · · · τ(

⊔
n an) =

⊔
n τ(an)

! τ ⊑ a
τ(a) = a a =

⊔
n τ

n(⊥)
! τ ω

! τ(W ) = !B̄" ∪ !B ;p" ;W
ω (2S×S,⊆,∅)



! A ⊆ S {s | s " t1 ≤ t2}
!

!

!



! {B} p {C}
! B p

C

! ⟨p⟩C [p]C
! p C
! p

C
! {B} p {C} ≡ B ⇒ [p]C

!

! pC = [p]C
! pC = ⟨p⟩C ∧ [p]C p



⟨ ⟩ [ ]

s " [p]C ∀t (s, t) ∈ !p" ⇒ t " C

s " ⟨p⟩C ∃t (s, t) ∈ !p" ∧ t " C



[p ∪ q]A ≡ [p]A ∧ [q]A

[p]A ≡ ¬⟨p⟩¬A [p ;q]A ≡ [p][q]A

[p](A ⇒ B) ⇒ [p]A ⇒ [p]B [p∗]A ≡ A ∧ [p][p∗]A

[A]B ≡ A ⇒ B (A ∧ [p∗](A ⇒ [p]A)) ⇒ [p∗]A

A A ⇒ B

B

A

[p]A



s " [p]A !p"(s) " A

! "

[ ]



⇒
⇒

" ⇒
∫

⇒
⇒
⇒
⇒
⇒





! x1, . . . , xn R
! t + − · /
! B t1 ≤ t2 = <
! p

! x := t
! x :=
! p ;q
! B p q
! B p



! (S,B) S B
σ S 2S

! B
! f : (S1,B1) → (S2,B2)

B2 B1

!

! (Si,Bi) 1 ≤ i ≤ n
(S1 × · · ·× Sn,B) B σ

S1 × · · ·× Sn

A1 × · · ·× An Ai ∈ Bi 1 ≤ i ≤ n

! B σ
S → Si



! (A, 2A) A

! (R,B) B R σ
R (a,∞)

! (R,L) L
B

! ([0, 1], {A ∩ [0, 1] | A ∈ B})

! (Rn,B(n)) = (R,B)× · · ·× (R,B)

! {0, 1}ω
{α ∈ {0, 1}ω | x ≤ α} x ∈ {0, 1}∗

! ωω

{α ∈ ωω | x ≤ α} x ∈ ω∗



2A



2A



! (S,B) µ : B → R
A

µ(
⋃
A) =

∑
A∈A µ(A)

! µ(∅) = 0
! µ(A) ≥ 0 A ∈ B
! µ(S) = 1
! µ(S) ≤ 1
! (S,B)

M R

(aµ+ bν)(A) = aµ(A) + bν(A)

! ∥µ∥ = A∈B |µ(A)|



! s

δs(A) !
{
1, s ∈ A,

0 s ̸∈ A

! λ [0, 1]
λ([a, b)) = b− a

! λ {0, 1}ω
λ({α | x ≤ α}) = 2−|x|



! P : Rn × B(n) → [0, 1]

! s ∈ Rn P (s,−)
B(n) → [0, 1]

! A ∈ B(n) P (−, A)
Rn → [0, 1]

!

!

!

! Rn → B(n) → R Rn → M



!

(P ;Q)(s, A) !
∫

t

P (s, dt) ·Q(t, A)

!

!

!



! M → M

P (µ)(A) !
∫

t

µ(dt) · P (t, A)

! M
∫

!

! ≡
! M → M
! M → M



! S s : {x1, . . . , xn} → R
Rn

! B(n)

! !p" : Rn × B(n) → R
! !p" : Rn → M
! !p" : M → M
! !p"

!p"(s, A) = !p"(s)(A) = !p"(δs)(A)

!



! !x := t"(s) ! δs[s(t)/x] s[s(t)/x]

! !p ;q"(s) ! !q"(!p"(s))

! ! B p q"(s) !
{

!p"(s), s ∈ B

!q"(s), s ̸∈ B

! !B"(s, A) !
{
1, s ∈ A ∩ B

0, s ̸∈ A ∩ B

! !B"(µ) = µB

B
! ! B p q" = !B ;p" + !B̄ ;q"



!xi := "(s1, . . . , sn, A1 × · · ·× An) ! (
∏

j ̸=i

δsj(Aj)) · λ(Ai)

λ [0, 1)



! B p" ! !B̄" + !B ;p ;B̄" + !B ;p ;B ;p ;B̄" + · · ·

=
∑

n

!(B ;p)n ;B̄"

= !(B ;p)∗ ;B̄",

!p∗" !
∑

n

!pn"

∗



! s " A
! µ

A µ(A)
!

f : Rn → R
∫

t

µ(dt) · f(t)

! s " A



!

⟨p⟩f !
∫

t

!p"(−, dt) · f(t)

f p
! ⟨p⟩ : F → F

F
!

Rn × B(n) → [0, 1] ∼= B(n) → F ∼= F → F

! F R

∥f∥ = ∥s∥=1 |f(s)|



! ⟨p⟩A A

! ⟨p⟩f f

! [p]A ! 1− ⟨p⟩(1− A) = 1− ⟨p⟩1 + ⟨p⟩A = [p]0 + ⟨p⟩A

! [p]A A p

! A ≤ [p]B {A} p {B}



⟨ap+ bq⟩f = a⟨p⟩f + b⟨q⟩f [p]f = [p]0 + ⟨p⟩f
⟨p⟩(af + bg) = a⟨p⟩f + b⟨p⟩g 0 ≤ f ⇒ ⟨p∗⟩f = f + ⟨p⟩⟨p∗⟩f
0 ≤ f ⇒ 0 ≤ ⟨p⟩f 0 ≤ f ⇒ ⟨p∗⟩f = f + ⟨p∗⟩⟨p⟩f
f ≤ g ⇒ ⟨p⟩f ≤ ⟨p⟩g 0 ≤ f + ⟨p⟩g ≤ g ⇒ ⟨p∗⟩f ≤ g

⟨p ;q⟩f = ⟨p⟩⟨q⟩f f ≤ 1 ⇒ ⟨p⟩f ≤ 1

⟨B⟩f = Bf 0 ≤ B ≤ BB ≤ 1



(µ, f)
∫
t µ(dt) · f(t)

µ⟨p⟩
∫
t µ(dt) · !p"(t,−)

⟨p⟩f
∫
t!p"(−, dt) · f(t)

(µ, ⟨p⟩f) = (µ⟨p⟩, f)





!

σ

!

!

!

!

!

! R Rn



!

!

! R Rn



ωω

! {α | x ≤ α} x ∈ ω∗

! ω ω
!

!

!

! d(α, β) = 2−|x| x
α β

{0, 1}ω
!



ω (A,⊑,⊥)
! ⊑
! ⊥
!

τ : D1 → D2



ω ω

ω
! A ⊑

A A
! A ⊑

A
!

!



p

!p" : 2H × B → [0, 1]

H B
2H

! !x← n"(a,−) ! δ{π[n/x]::σ|π::σ∈a}
! !x = n"(a,−) ! δ{π::σ|π::σ∈a, π(x)=n}

! ! "(a,−) ! δ{π::π::σ|π::σ∈a}
! ! "(a,−) ! δa
! ! "(a,−) ! δ∅



p

!p" : 2H × B → [0, 1]

H B
2H

! !x← n"(a,−) ! δ{π[n/x]::σ|π::σ∈a}
! !x = n"(a,−) ! δ{π::σ|π::σ∈a, π(x)=n}

! ! "(a,−) ! δ{π::π::σ|π::σ∈a}
! ! "(a,−) ! δa
! ! "(a,−) ! δ∅



! !p ;q"(a,A) !
∫

c

!p"(a, dc) · !q"(c, A)

! !p q"(a,−) ! !p"(a,−) !q"(a,−)
(µ ν)(A) ! (µ× ν)({(a, b) | a ∪ b ∈ A})

! !p⊕r q" ! r!p" + (1− r)!q"

! !b"(a,−) ! δa∩b

! ! b p q" ! !bp b̄q"



!p∗"(a)

!p∗"
!p∗" = ! p;p∗"

A p ! (A;p)∗ ;A



!p∗"(a)

!p∗"
!p∗" = ! p;p∗"

A p ! (A;p)∗ ;A



µ0, µ1, µ2, . . . µ
f

n→∞

∫
fdµn =

∫
fdµ.

!p(n)"(a,−) !p∗"(a,−)

p(0) = p(n+1) = p;p(n)



!

!

!

!

! ⊑
! 2H

! !p∗"



!

!

!

!

! ⊑
! 2H

! !p∗"



⊆



! (2H ,⊆) ω
! Ba = {b | a ⊆ b} a ⊆ H

O
!

! µ, ν 2H µ ⊑ ν
B µ(B) ≤ ν(B)

! ⊑

P ⊑ Q⇔ ∀a ∈ 2H ∀B ∈ O P (a,B) ≤ Q(a,B)

!

Ba a ∈ 2H



ω

!p∗"
X 0→ !p" ;X
!p∗" =

⊔
n!p(n)"



! {0, 1}ω ω
{0, 1}

{α | x ≤ α}
! {0, 1}ω

ω
{0, 1} {1} {0}

Ba = {b | a ⊆ b} a ⊆ H

!

!



⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 1 1 1 1 1 1
0 1 0 1 0 1 0 1
0 0 1 1 0 0 1 1
0 0 0 1 0 0 0 1
0 0 0 0 1 1 1 1
0 0 0 0 0 1 0 1
0 0 0 0 0 0 1 1
0 0 0 0 0 0 0 1

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

[
1 1
0 1

]
⊗

[
1 1
0 1

]
⊗ · · ·

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −1 1 −1 1 −1 1 −1
0 1 0 1 0 1 0 1
0 0 −1 1 0 0 −1 1
0 0 0 −1 0 0 0 −1
0 0 0 0 1 −1 1 −1
0 0 0 0 0 1 0 1
0 0 0 0 0 0 −1 1
0 0 0 0 0 0 0 −1

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

[
1 −1
0 1

]
⊗

[
1 −1
0 1

]
⊗ · · ·




