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Concentration of Measure: Experiment #1

Heads = Gain one dollar
Best Case: + 1000 Dollars

Worst Case: - 1000 Dollars.
Average Case: o Dollars.
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Concentration of Measure: Experiment

Vehicle on a road.
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Systems Acting Under Disturbances

* Stochastic Verification * Artificial Intelligence

* Reliability * Uncertainty Representations
e Stochastic Controls

* Uncertainty Quantification

Output

System _ Property

Yes

—)
~No

External
Disturbances

e “Classic” Formal Verification.
o "“Set-Valued” Robust Control.




Topics Covered

* Quantitative Reasoning: Probability(y(n) >z ¢)
* Prove bounds on probabilities of assertions.
* Bounds on expectations/moments.

* Qualitative Reasoning:
* Almost sure termination, recurrence, persistence, ..
e Limit behavior.

Please ask questions during the talk!
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Motivating Examples



Example #1: Repetitive Robot

. angles =[10, 60, 110, 160, 140, ...

Repeat this 100, 60, <0, 10, 0]
1 P times x := TruncGaussian(0,0.05,-0.5,0.5)
o° ' y = TruncGaussian(0, 0.1,-0.5,0.5)

for reps in range(0,100):
for theta in angles:
# Distance travelled variation
d = Uniform((0.98,1.02)

Probability

of going out
of bounds? \

# Steering angle variation
t = deglrad(theta) * (1 + ...
TruncGaussian(0,0.01,-0.05,0.05))
# Move distance d with angle t
x=x+d * cos(t)
y=y+d * sin(t)
#Probability that we went too far?
assert(x >=2372)

\ Small

errors at
each step.

Sawyer Robotic Arm
(rethink robotics)



Example #1: Continued

angles =[10, 60, 110, 160, 140, ...
100, 60, 20, 10, O]
x := TruncGaussian(0,0.05,-0.5,0.5)
y := TruncGaussian(0, 0.1,-0.5,0.5)
for reps in range(0,100):
for theta in angles:
# Distance travelled variation
d = Uniform((0.98,1.02)
# Steering angle variation
t = deglrad(theta) * (1 + ...
TruncGaussian(0,0.01,-Q
# Move distance d with an
x=x+d * cos(t)
y=y+d * sin(t)
#Probability that w
assert(x>=2372)

ent too far?
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Example #2: UAV Keep Out Zone

y(t +1) = y(t) + 0.1vsin(0(t)) + 0.1vy, sin(0, (1))
6(t +1) = 0.956(t) — 0.03y(t)
Ou(t+1) ~ 0.6+ w
Vot +1) ~ 14 wo
v=4

Keep Out

wy € [-0.1,0.1], E(w,) =0, E(w?) = 0.01

wy € [—0.1,0.1], E(ws) =0, E(w3) = 0.01

Keep Out




Example

2: UAV Keep Out Zone

theta := Uniform(-0.1, 0.1)
y := Uniform(-0.1, 0.1)
for j in range(O, n):
vi=4
vw := 1 + random([-0.1,0.1], O, 0.01)
thetaw := 0.6 + random([-0.1, 0.1], O, 0.01)
y:=y+0.1 * v * sin(theta) +
0.1 * vw * sin(thetaw)
theta :=0.95 * theta-0.03 * y

Probability( y >= 1.0)
Probability(y <=-1.0)
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Anesthesia (Fentanyl) Infusion

[McClain+Hug, Fentanyl Kinetics, Clinical Pharmacology & Therapeutics, 28(1):106—114, July 1980.

Infusion|
Rate [ N
Time Drug
Concentration
il :> @ > | Patient )
X, : [150, 300] ng/m|

u=u(t) +w
z1(t 4+ 1) = 0.9012z4 (t) + 0.030424(t) 4+ 0.0031z3(t) + 0.2676u
zo(t + 1) = 0.013921(t) + 0.9857x5(t) + 0.002u
z3(t + 1) = 0.0015z(t) + 0.9857x3(t) + 0.0002u

z4(t) = 0.0838z1(t) + 0.0014z4(t) + 0.0001z3(t) + 0.9117z4(t) + 0.012w



Anesthesia Infusion (Continued)

infusionTimings[7] = {R0, 15, 15, 15, 15, 15, 45};
double infusionRates[7] = { 3, 3.2, 8.3, 3.4, 3.2, 3.1, 3.0};
Interval e0(-0.4, 0.4), €1(0.0), e2(0.006,0.0064);
for i in range(0, 7): ]ID("L'4 < 150ng/ml)
currentInfusion= 20.0 *infusionRates[i];
curTime = infusionTimings[i];,
for jin range(O, 40 * infusionTimings[j]):
e := 1+ randomVariable(eO, el, el) P(:E4 2 300ng/ml)
u :=e * currentInfusion
x1ln:=0.9012* x1 + 0.0304 * x2 + 0.0031 * x3
+2.676e-1 *u
x2n :=0.0139* x1 +0.9857 * x2 + e-3*u
x3n :=0.0015 * x1 + 0.9985 * x3+ Qe-4*u
x4n :=0.0838 * x1 +0.0014 * x2 + 0.0001 *x3 +
0.9117 * x4+ 12e-3 * u
x] :=x1n; x8:=Xx2n,
X3 = x3; x4 :=x4n




Reasoning about Uncertainty

Probability of Success?
Output

Property
Probability of Failure?
Demonic
Inputs
Rare Event

<10°°?

Random
Inputs

Probabilistic
Program

Estimating the probabilities vs. Proving bounds on probabilities.




Agenda

* Probabilities and Programs.
* Probabilistic Properties.

* Concentration of Measure Inequalities.
* Finite executions, “straight line” programs.

* Martingales and more general programs.
* Pre-expectation calculus.
* Reasoning about termination.
* Reasoning about temporal properties.



Programming with Probabilities

* Imperative programs with random number generation.

real x := Uniform(-1, 1)
real y := Gaussian(2.5, 1.3)

bool b ;= true

inti:=0 — | Random Number
for i in range(O, 100): Generation
b := Bernoulli(0.5) Function
if b:
X:=x+2 *y+ Gaussian(0.5, 1.5)
else:
Xx:=1-2.86%*Xx
y:=2

assert( x>=y)




Demonic Nondeterminism

* Ignore demonic nondeterminism.
* Focus purely on random variables.

real x := Uniform(-1, 1) @
real y := Gaussian(2.9, 1.3)
bool b
inti
for i in range(0O, 100):
Demon b := Bernoulli(0.5)
chooses so as ifb:

to maximize
probability of
failure

X:=xXx+2 *y+ Gaussian(0.5, 1.5)
else:

x:=1-2.5*x-Choice(-1,1)
V=2
assert( x>=y)




Parametric Nondeterminism

real x := Uniform(-1, 1)

real y := Gaussian(2.5, 1.3) :

bool b w € [—1,1]

int i E(w) € [-0.1,0, 1]

for iin range(O, 100): :
b := Bernoulli(0.5) E(w?) € [0.001, 0.0015]
if b:

X :=X + 2 *y + Gaussian(0.5, 1.5) /
else:

x:=1-2.5 * x-RandomVariable([-1,1], [-O.1, 0.1], [0.001, 0.0015])
y =8
assert( x>=y)



Probabilistic Program Semantics

real x := Uniform(-1, 1)
real y := Gaussian(2.5, 1.3)

bool b :=true * Probabilistic Program = Markov Process.
;EIE;;;?’ange(O 100):  State Variables (x, , i, b)
b = Bernoulli(0.5) * Initial Distribution X,
ifb: * State Update Rule:
1X =X+2 *y + G&USSian(O.B, 15) (CEI, y/’ 7:,, b’) — f(m’ y’ i) b’ wl’ w2)
else: |
x=1-35*Xx
V=2 Gaussian(o.5. 1.5)
assert( x>=y) Bernoulli(o.5)

(x4+2y+wi, ¥y, 1+ 1, wa) <100 A we
(z’,y',d',0') =< (1 —2.5z, 2, i+ 1, ws) 1 <100 A —we
(z, y, 2, b) 3 > 100



Concentration of Measure



Concentration of Measure: Experiment #1

Heads = Gain one dollar

Al

Repeat 1000 times.

Tails 2 Lose one dollar

0.0200

0.0175 A

0.0150 A

Best Case: + 1000 Dollars
Worst Case: - 1000 Dollars.
Average Case: o Dollars.
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i.i.d. random
variables

Coin Toss

Xpn=01+0Co+---+0Cy —1 w.p.

Ci =
1 W.D.

N DN

n, j both even or
] / both odd.
1

What is the distribution of X.?  P(X,, = j) = ((n+3)/2 on



Coin Toss

Xp,=C1+Co+-+Cp

What is the probability X, >= 1007 1 W.D.

Z?:mo P(Xn =J) = Z?:lOO ((n+7;)/2) 2%

Problem: Not easy to calculate.
Solution: A bound on the probability is good enough.

N N|—



"Large Deviation” Inequalities

P(X < E(X) —t)

P(X > E(X)+t)

| . E(X) | .
One-Sided Inequality Two-Sided Inequality

P(X >E(X)+1t) <77
P(X <E(X)—t) <77

P(|X - E(X)| 21) <77




Markov Inequality

* Let X be a non-negative random variable.

P(X >t) <

E(X)

, forallt >0

* Corollary (Chebyshev-Cantelli):

P(|X — E(X

)| >1t) <

Var(X)

t2

, forallt >0




Chernoff-Hoeffding Bounds

Cl,...,Cn c [a,b]

[1. Cy,...,C, € {0, I}Iindependent I.V. }

2. X, =C1+...+C,
3. P(X,, > k)?

E(Xn) =251 E(Cj) =t pin

Theorem (Chernoff’ 52, Hoeffding’ 63):

P(X, > k) < exp (—2l=ta)

n(b—a)?

)

n

P(X, > k) < exp (2otm)

)




Coin Toss

ancl+02++0n

What is the probability X, >= 1007 C, =
Mn:(), kzloo, b:]., a:_].

P(X, > k) <exp (_i((’;:g)nz)2) P(Xn > 100) < exp (—é?z()?)

DN D=

P(X1000 > 100) < exp(—5-1005) < 0.006



Coin Toss

* Probability bound (0.006) is conservative.
* Actual value is 10x smaller ~ 5 x10

 What information about the coin tosses did we use?

Oz.:{l_l X'E' ‘ C; € |-1,1], E(C;)

Could we use higher moments to obtain better bounds?

N D=



Bernstein Inequality

Extend Chernoff Inequalities with information about moments

T —tz
P(S X, >¢t] <
(Z = ) = =P (221E(X§)+§Mt)

M = m75f|Xi|
9=




Quantitative Ana |y5i5 Lane Keeping Example
(z,y,0)

y(t+1) = ()+0.19
6(t+1) =0.80(t) +

Random Inputs

w E [ 0.01,0. 01]
E(w) =
E(w?) =
Probabilistic y := Uniform(-0.01, 0.01)
Program th := Uniform(-0.01, 0.01)

foriin range(O, n):
y:=y+0.1 *th
th := 0.8 * th + randomw()

Output Quantity
Probability(y >=1) <= 77




y := Uniform(-0.01, 0.01)

17.4 Uniform(-0.01, 0.01)

foriin range(O, 10):
=y+0.1 *th
:=0.8 * th + randomw()

bM??

Lane Keeping Example

\

0.446312908 + 0.41611392008 +
0.3951424900 + 0 3689288 + 0.336160g+

0.2952¢ + 0.244588 + 0.188 + 0. g

y[10] :

/



“"Heterogeneous” Chernoff-Hoeffding
Bounds

1. X=Y1+...4Y,
2. Y; are independent r.v.

3. Y; € [ai,b,&-]

4. p: E(X)

P(X >p+t) < exp (2’?21_(?):2—04)2)

P(X<p-—t) < exp( =2t )




y := Uniform(-0.01, 0.01)
. th := Uniform(-0.01, 0.01
Lane Keeping Example ( )
for iin range(O, 10):
y:=y+0.1 *th
th := 0.8 * th + randomw()

Probability(y >=0.1) <= 77

yo + 0.357050327wo+ \
10] 0.4463129088w, + 0.432891136ws + 0.41611392ws-+
YIREL 0.3951424w, + 0.368928ws + 0.33616wg+
0.2952w~- + 0.244wg + 0.18wg + 0.1w1g )

P(y[10] > 0.1) < 0.16



Problem Setup

Random Inputs (w_, w_, ..., w,.)

Probabilistic

Program

3

Output Quantity (y)




Setup

Deterministic Control Flow

x := InitialDistribution() g(x,) = F(Xg,W1,...,Wp)
forii ge(0, n): N —
Orwl/vlirs’;lngomﬁlputs() t(g (Xn)) =7

x =11, x, W)

assert(g(x) >=+t)

1. Chernoff-Hoeffding bounds ~ sums of random variables. Not general functions.
2. Need to estimate expectations and possibly higher moments to apply.



S x := InitialDistribution()
etu
p for iin range(O, n):

w := RandomInputs()

* Chernoff-Hoeffding bounds: x = f(i, X, W)
e Sums of random variables.
 Extensions to general functions. assert(g(x) >=1t)

* Solution 1: Affine arithmetic and concentration of measure
(Bouissou et al. TACAS'16).

e Solution 2: Method of Bounded Differences.



Affine Form Overview

* Affine Form: how program variables depend on the uncertainties.

y := Uniform(-0.01, 0.01) y:O- = Yo 9[0] = B,
th := Uniform(-0.01, 0.01) '

for iin range(O, 10):

Sy 11 = 0800+ v
th:=0.8 * th + randomw() y(2] = yo +0.16p + 0.1(0.800 + wo)

Probability(y >= 0.1) <= ?? = 1o + 0.186¢ + 0.1wyg




Affine Form Definition [Figueirido+Stolfi'‘o4, Bouissou et al.
]

n
T . ag+ Z a' W Noise Symbols
=1

w; € :az-, bz
L(w;) € [, d;

E(w;) € [€;, us. ¢

E(wiw;) € [fij, 9ij

Functional dependency graph



Computing with Affine Forms

* Linear operations

e Addition.
* Multiplication with scalar.
* Introduction of fresh random variables.

* Nonlinear Operations
* Multiplication.
* Division.
* Sine, cosine, tan, log, exp, ...

* Reasoning with affine forms.



Multiplication of Affine Forms

1 : 2+ 3wy + dws

122:1—{-?1)2

T1 X T - 2+3w1+6w2+3w1'w2+4w§

E(ws) : E(wiws)(= E(w,)E(ws) if independent)

E(ws) : E(w?)(second moment of w;)

-

Dependency Graph

o




Nonlinear Operations

* We will restrict ourselves to smooth operations (continuous +
differentiable)

e Let f be a Ckfunction

flz)

zo + f'(zo)(z — zo) + (o)

X : Affine
Form

(x — xg

2!

X,: E(X)

2 {f(k) 0= }

Fresh noise
symbol.




Nonlinear Operation Example

y = sin(0.2 + w)
w € [0.05,0.15], E(w) : 0.1, E(w?) = 0.01

y: [0.199986,0.199987] + [0.9553, 0.9554]w — w1

w; € [0,0.0043], E(w,) € [0,0.00043], E(w?) € [0,1.84 x 10~ "]




y := Uniform(-0.01, 0.01)
. th := Uniform(-0.01, 0.01
Lane Keeping Example ( )
for iin range(O, 10):
y:=y+0.1 *th
th := 0.8 * th + randomw()

Probability(y >=0.1) <= 77

yo + 0.357050327wo+ \
10 : 0.4463129088w; + 0.432891136ws + 0.41611392ws+
YL 0.3951424w, + 0.368928ws + 0.33616wg+
0.2952w- + 0.244wg + 0.18wg + 0.1w1g )

P(y[10] > 0.1) < 0.16 W, ..., W, are all independent.




y := Uniform(-0.01, 0.01)
th := Uniform(-0.01, 0.01)

Modified Lane Keeping

_ for iin range(O, 10):

=0 dys — 0.1

Yy +%0+0.1y2 — 0.1ys y:=y+0.1 * sin(th)
+0.1ys — 0.1ys + 0.1ys th := randomw()
— O.1y7 =T 0.1'y8 — O.Iyg
4. Probability(y >=0.1) <=??

+ 0.1920 — O.lygl

’, a
N o




Modified Lane Keeping

y =041y --l- 0.1yg — 0.1ys + 0.1yg

— 0.1y7 + 0.1yg — 0.1yg + - - - + 0.1ygg — 0.1y

AEaay
O ®))6 6

|dea:
1. “Compress” connected component to a single noise symbol.
2. Use Chernoff Hoeffding Bounds.



Modified Lane Keeping

P(y < —0.06) < 0.006
P(y < —0.03) < 0.16
P(y < —0.02) < 0.45
P(y < —0.01) < 0.82
P(y < —0.006) < 0.96

P(y > 0.006) < 0.96
P(y > 0.01) < 0.82
P(y > 0.02) < 0.45
P(y > 0.04) < 0.082
P(y > 0.06) < 0.006

y := Uniform(-0.01, 0.01)
th := Uniform(-0.01, 0.01)

for iin range(O, 10):
y:=y+0.1 * sin(th)
th := randomw()

Probability(y >=0.1) <= 77

Py >0.1) =0




Example #1: Repetitive Robot

. angles =[10, 60, 110, 160, 140, ...

Repeat this 100, 60, <0, 10, 0]
1 P times x := TruncGaussian(0,0.05,-0.5,0.5)
o° ' y = TruncGaussian(0, 0.1,-0.5,0.5)

for reps in range(0,100):
for theta in angles:
# Distance travelled variation
d = Uniform((0.98,1.02)

Probability

of going out
of bounds? \

# Steering angle variation
t = deglrad(theta) * (1 + ...
TruncGaussian(0,0.01,-0.05,0.05))
# Move distance d with angle t
x=x+d * cos(t)
y=y+d * sin(t)
#Probability that we went too far?
assert(x >=2372)

\ Small

errors at
each step.

Sawyer Robotic Arm
(rethink robotics)



Example #1: Continued

Scatter Plot (x,y) - 10”5 Simulations

angles =[10, 60, 110, 160, 140, ...
100, 60, 20, 10, 0]
x := TruncGaussian(0,0.05,-0.5,0.5)
y := TruncGaussian(0, 0.1,-0.5,0.5)
for reps in range(0,100):
for theta in angles:
# Distance travelled variation
d = Uniform((0.98,1.02)
# Steering angle variation
t = deglrad(theta) * (1 + ...
TruncGaussian(0,0,41,-0.05,0.05))
# Move distance d with afigle t
x=x+d * cos(t)
y=y+d * sin(t)
#Probability that we @#ent too far?
assert(x>=2372)

536 -

535

534

533

532

531

530
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267 268 269 270 271

272

P(z >272) <6.2x 1077




Example #2: UAV Keep Out Zone

theta := Uniform(-0.1, 0.1) o B

y := Uniform(-0.1, 0.1) o A

for j in range(0, n): = WAV,
vi=4 os )

— {1 S
£-0.4 il
Y

vw := 1 + random([-0.1, O0.1], O, 0.01)

thetaw := 0.6 + random([-0.1, 0.1], O, 0.01)

y:=y+0.1 *v * gin(theta) +
0.1 * vw * sin(thetaw)

theta :=0.95 * theta-0.08 * ¥ | p(y < _0.6138812074) < 0.2358960445 [ 25 o5 o5 15 o0

TIME
Probability( y >= 1.0) P(y < —0.4102788125) < 0.5036707137
Probability(y <= -1.0) P(y < —0.2881173756) < 0.7921352709

P(y > —0.1659559387) < 0.9176758046
P(y > —0.0030740228) < 0.5036707137
P(y > 0.1190874141) < 0.3195611154
P(y > 0.2005283721) < 0.2358960445




Anesthesia Infusion

infusionTimings[7] = {20, 15, 15, 15, 15, 15, 45};
double infusionRates[7] = { 3, 3.8, 3.8, 3.4, 3.2, 4.1, 8.0};
Interval e0(-0.4, 0.4), €1(0.0), e2(0.006,0.0064);

for i in range(O, 7):

currentInfusion= 20.0 *infusionRates[i];
curTime = infusionTimings[i];,
for jin range(O, 40 * infusionTimings[j]): I[D(m 4 > 300ng /ml) <7 % 10—13
e : =1+ randomVariable(eO, el, e2) o o
u :=e * currentInfusion _93
x1n:=0.9012* x1 +0.0304 * x2+0.0031 *x3 | | P(z4 > 150ng/ml) < 10
+2.676e-1 * u

x2n:=0.0139* x1 +0.9857 * x2 + 2e-3*u

x3n :=0.0015 * x1 +0.9985 * x3+ 2e-4*u

x4n :=0.0838 * x1 +0.0014 * x2 + 0.0001 *x3 +
09117 *x4 +12e-3 *u

x] :=x1n; x8:=Xx2n,

X3 = x3; x4 :=x4n




Concluding Thoughts



Related Approaches

* Monte Carlo Methods
* Statistical model checking. [Younes+Simmons, Jha et al, Clarke et al.]
* Importance Sampling [Legay et al.]
* Semantic Importance Sampling [Hansen et al. TACAS 2015, RV2016]

* Volume Computation -
* Solve the integration exactly (expensive) [Geldenhuys et al, S et al.]
 Abstract the program by discretizing state space [Abate et al., PRISM] _  [Cousot +
e Abstract the distribution by discretizing [Monniaux, Bouissou et al.] Vionerav]

_

* Polynomial-Time Approximation [Chistikov et al. TACAS 2015]



Challenge
Computations

1: Representing Nonlinear

How do you represent nonlinear computations?

theta := Uniform(-0.1, 0.1)
y := Uniform(-0.1, 0.1)
for j in range(O, n):
v:i=4
vw := 1 + random([-0.1, O0.1], O, 0.01)
thetaw := 0.6 + random([-0.1, 0.1], O, 0.01)
y:=y+0.1 *v * gsin(theta) +
0.1 * vw * sin(thetaw)
theta :=0.95 * theta-0.03 *y

Probability( y >= 1.0)
Probability(y <=-1.0)

Option 1: Affine Formes.
* Approximations create dependencies.

Option 2: Nonlinear Forms.
* Keepsrandom variables independent.
* Hard to reason with.



Challenge #2: Conditional Branches

theta := Uniform(-0.1, 0.1) Approach # 1: Smoothing the Indicator Function.
y := Uniform(-0.1, 0.1)
for j in range(O, n):

A

v:.=4
vw := 1 + random([-0.1, 0.1], O, 0.01)
thetaw := 0.6 + random([-0.1, 0.1], O, 0.01) Bad idea!

y:=y+0.1 * v * sin(theta) +
0.1 * vw * sin(thetaw) v

A

v

ify>=0.1
theta :=theta - 0.1
fy <= 0.1 Approach #2: Moment method.
theta := theta + 0.1 S
Probability( y >= 1.0) * Bounds using the problem of moments.| Momens, posicive

Polynomials and

Probability(y <=-1.0) * "“Design your own” inequalities. Their Applications

Jean Bernar d Lasserre

Tmperial College Press




Probabilistic Program Analysis
and Concentration of Measure

Part Il: Martingale
Sriram Sankaranarayanan

University of Colorado, Boulder



Concentration of Measure: Experiment #1

Heads = Gain one dollar n
o,
%“\ Repeat N times.

Tails 2 Lose one dollar U

At some point in the experiment:
* | have won X dollars thus far.
* Ifltoss once more, how much do | expect to have?

Expected fortune in next step =
fortune in current step.




Concentration of Measure: Experiment #2
Vehicle onaroad. (z, ¥, 0)

E(M(t+1) | y(t),0())

Expected value in next step = value
In current step.

E(w) =

M(t) : y(t) + 100(t)

y(t+1) :y(t)+0.19
6(t + 1) = 0.990(t) +
we[ 0.01 001]

4)

A

Y
Y

() + 0.16(t) + 9.90(t) +
(t) + 100(t) = M(t)

y(t) + 0.10(t) + 10(0.996(t) + w

S(w)

)



Conditional Expectation

E(X |Y):=f(y)

E(X |Y)=XM.E(X|Y =%)" | P(Y=y)>o0

> aB(x —aly =) = 3T O P =)
rEX rEX ( o y)

fyl(’y) / fo,Y (.’L‘, y)dil)



Martingale

Martingale is a special kind of stochastic process.

Xo, X1, X2, ...
E(Xi+1 | Xiy...,Xo0) = Xi

f(xi;---,xﬂ) L4

Revisit Experiment #1 and #2 slides now!



Super/SubMartingales

Supermartingale: E(X;v1 | Xi,...,X0) < X;

Submartingale: E(X;+1 | X,...,X0) > X;



First Properties of (Super) Martingales

Xo,...,X, Martingale

Xo, ..., Xy, Supermartingale



"Adapted” Martingales



Why Martingales?

* Quantitative: Concentration of measure involving martingales.

* Qualitative: Convergence theorems and proofs of temporal
properties.



Martingales and Concentration
of Measure (Azuma'’s Inequality).



Lipschitz Condition
XO’ Xl, X2’

Lipschitz (Bounded Difference) Condition:

|Xz _Xz'—ll < Ci, 1> 0



Azuma'’s Inequality for Martingales

Xo,...,X, stochastic process.

Lipschitz Condition: | X; — X;| < ¢;

Supermartingale: P(X, > E(X,)+1t) <exp (2Znt2 cz)
1i=1 "2

Submartingale: P(X, <E(X,)—t) <exp (2Znt2 Cz)
i=1 "1z



Coin Toss Experiment

n [ —1 with prob. 3
Xn=2.j=0C; Cj : { 1  with prob. %
Lipschitz Condition: |Xn — Xn_1| < 2 Chernoff-Hoeftding:

P(X, > ) < exp (5L )

, Azuma theorem:
P(X, <t) <exp (gi ) No independence assumption.




Doob Martingale or the Method
of Bounded Differences



Problem Statement

Random Inputs (w_, w_, ..., w,.)

Probabilistic

Program

3

Output Quantity (y)




Doob Sequence

fW1,Wa,...,W,) Wi,...,W,, are independent
Xo: E(f(Wh,...,W,)) . Constant
Xl . E(f(WlaW27"'7Wn) | W].) “ IE(f(’lU]_,WQ,...,Wn))

X9 : E(f(W1,W2,---aWn) | Wl’Wz) E(f(wl Wo, ..., W. ))

Xo: B(FOW1, Wa, ..., W,)) | W1,...,Wy,) - flwi, ... wy,)




Doob Sequences are Martingales

E(Xj-i-l I Wj:"'awl) :E(]E(f(wlaawn)| le"'awj-{-l) | Wla'“aWj)
=E(f(W1,...,Wy) | Wi,...,W;)
:Xj t

E(Ep(X]| A4, B) | A) = E(X|A)




Method of Bounded Differences

fWy,Wa, ..., W,)

Wi,..., W, are independent
Lipschitz Condition:

|f(w1,...,'wj,...

P (s,

Azuma Inequality Applied to Doob Martingale:

]P’(f(wl,...,wn){

>E(f)+t
<E(f) -t

Wy ) — flwy, ..., W;,...

)gexp(

—$2

22.7=16;

2
J

)



Application to Programs

Random Inputs (w_, w_, ..., w,.)

Yn = f(w07w1a"'7wm)

Probabilistic

Program 1. Estimate Lipschitz bounds for each variable.
* How? [Open Problem].

‘ 2. Apply Method of Bounded Differences.

Output Quantity (y)



Direct Application of Azuma'’s
Theorem



Concentration of Measure: Experiment #2

Vehicle onaroad. (z, ¥y, 0) y(t+1) = y(t) +0.10
6(t)>0 A y(t) > L O(t + 1) = 0.996(t) + w
w € [~0.01,0.01]
E(w) =

M(t) : y(t) +100(¢)

0(t) <0 A y(t) <L

6(t) <0 A yt) > L = y(t)+100(t) > L
(t) <0 A y(t) <—L = y(t)+100(t) < —



Experiment #2: Azuma’s Inequality

M(t) : y(t) + 100(¢)

M(0) : y(0) + 106(0)

E(M(t)) = E(M(0)) =0

Lipschitz Condition:

IM(t+1)— M@®)| = |yt +1) — y(t) + 10(0(t + 1) — 6(t))|
0.16(t) + 10(0.996(t) + w(t + 1) — 6(2)),

10w(t + 1)

IA
-
’—k



Experiment #2: Proving Bounds

0t) <0 A y(t) > L = y(t)+100(t) > L

B(M (1) 2 1) < exp ( L )

0.02¢
Fixt=100
T
0.38 0.93 0.48
1.5 0.32 7.7 X105
3.0 0.011 9.5 X104
3.8 0.0073 3.8 X109




Automatic Inference of
Martingales



Concentration of Measure: Experiment

Vehicle on a road. (:B, Y, 9)

M(t) : y(t) 4+ 106(t)

y(t +
O(t +

1)
1)
E(w) =

y(t) +0.16
0.9960(t) + w
[00100u

How do we find
martingales?




Super Martingales of Probabilistic Programs

X

S

S

X := F(X, w)

l

x/

Pre-Expectation of fw.r.t S

preE(f, S) : E(f(x') | x)

1
‘ (X,y) :=8* x+ Uniform(-1, ), -y + Uniform(-1, 1)

Pre-Expectation Calculus
[Mclver & Morgan]




Pre-Expectation Example #1

(X,y) :=2* x+ Uniform(-1, 2), -y + Uniform(-1, 1)

preE(z —y,S) =E(z' —¢' | z,y)



Pre-Expectation Example

if (x>=0)
X := X + Uniform(-1,2)
y=y-1

else
X :=8&* X - Uniform(-1, 1)
yi=y-8

preE(z, S) = E(2/| z,y)

(z',y") =1

\

2z —U(-1,1),y

r(:r:—l—U(—l,Q),y—l) if £ >0
—2) ifx<0

o] : {

1 if ¢
0 otherwise




Loop Supermartingales

var x1,.., xn f(z1,...,x,) is a martingale expression iff
while (C)
do
. (V z1,...,2,) preE(f,S) = f(z1,...,2,)
od
g(x1,...,z,) is a super martingale expression iff

(v L1y.-- ,.’En) preE(g,S) < g(mla v amn)



Concentration of Measure: Experiment #2
Vehicle on aroad. (x, y, 0)

y(t+1) =y(t) +0.16 while (true)
_ d
0t +1) = 0.999(t) + v |95
w E [ 0.01, 0. ()1] th := 0.99 th + randomW()
od
E(w) =

M(t) : y(t) + 108(t) oreE(y + 10 * th, S) =y + 10 * th




Automatic Inference of (Super) Martingale

[Katoen + Mclver + Morgan, Gretz + Katoen, Chakarov + S]

1. Fixan unknown template form of the desired function.
c1y + co6

2. Use Farkas' Lemma (theorem of the alternative) to derive constraints [Colon+S+Sipma’o3]

3. Solve to obtain (super) martingales.



_ Vehicle onaroad. (z, y, )
Automatic Inference (Example)

z:=xz+0.1(1 — %92)

y:=1y+0.16

0 :=0.990 + w 2.985n + 15002 — 2.985z Martingale
E(w) =0 100 + y Martingale

20000y — 199n + 100y? + 1990z | Martingale
clxz e ng2 e 6392 e C49y

49n — 500z Supermartingale
+csx +coy + 70 + csn | 10000 — n Supermartingale
10z — n Supermartingale
—n — 10006 Supermartingale




Further Work on Martingale Inference #1

* Using Doob decomposition [ Barthe et al. CAV 2016].

* Start from an given expression and iteratively derive a martingale.

* Can derive very complex expressions.
* Lots of avenues for future refinements here.



Further Work on Martingale Inference #2

* Exponential Supermartingales [ Tedrake+Steinhardt’ [JRR 2012]
* Using Sum-of-Squares Inequalities and Semi-Definite Programming.
* Clever tricks to avoid solving bilinear matrix inequalities.
* Comparison with Azuma'’s inequality may be interesting.



Probabilistic Program Analysis
and Concentration of Measure

Part lll: Termination, Persistence and Recurrence, Almost Surely!
Sriram Sankaranarayanan

University of Colorado, Boulder



Quantitative vs. Qualitative Questions

Random
1 Inputs
C N
Program
- /

What is the
probability of
blah?

Does the
program
terminate?

'




Qualitative Questions

* Almost Sure Termination/Reachability. 0S

* The program terminates with probability 1.
* All executions eventually reach a desired set with probability 1.

. S
* Almost Sure Persistence. 0
* The program executions reach a set S and remainin S forever.

 Almost Sure Recurrence [0S
* The program executions visit S infinitely often.




Almost Sure Termination

. o
while (x >=y) Does this loop terminate:

X := X + Uniform(-1, 1) Nonterminating execution
y =y + Gaussian(l, 2.0) (10,8) > (11,8) > (12, 8) > (13,8) > ...

Almost Sure Termination.
Terminates with probability 1.
Measure of samples leading to non-termination is o.



Proving Termination

while (x >=y) while (x >=y)
X =X x:=x+U(1,1)
y=y +1 y=y +N(L, <)
Ranking Function: x —y Supermartingale Ranking Function: x —y

» Decreases by 1 on each loop iteration. oreE(z — y, S) = E(z' — ¢'|z, y)

=E(z+U(-1,1) —y — N(1,2)|z,y)

* When negative, loop terminates.
=z—y—1



Supermartingale Ranking Functions (SMRF)

Function of program state: f(z1,...,25,)
var xi, .., Xn
while (C) do f<0 = (=0) Ne,
S A\

od preE(f,S) < f — ¢ 0

* "“Foster” Lyapunov Criteria (for discrete time Markov Chains).
* Ranking function analogues [Mclver + Morgan]



Main Result varxa, ., xn
while (C) do
* Let f(x,,..., X,) be a SMRF. od >

* If f is positive over the initial state.

* Then f becomes negative almost surely upon repeatedly executing
the loop body.

Corollary of Martingale Convergence Thm. (+ technicalities).



Example

realh,t
// I is hare position

// t is tortoise position

while (t <=h)
if (flip(0.5))

h :=h +uniformRandom(0,2)

t=t+1

// Almost sure termination?

h—t

"Slow and steady wins the race almost surely”




Example #2 : Betting Strategy For Roulette

| :=0;
money := 10, bet
while (money >=10) §
bet := rand(5,10)
money := money - bet
if (flip(36/37)) // bank lost
if flip(2/3) // col. 1
if flip(2/2)
money := money + 1.6*bet // Red
else
money := money + 1.2*bet // Black
elseif flip(2/2) // col. 2
if flip(1/3)
money := money + 1.6*bet; // Red
else money := money + 1.2*bet // Black
else /| col.3
if flip(2/3)
money := money + 0.4*bet // Red
l:=i+1}

money —10 is a SMRF



Obtaining Completeness

* SMRFs are not complete for proving termination.

x=0
while (x!=1and x |=-1)
if (flip(0.5)) The program can be shown to terminate almost surely.
X =xX+1
else No SMRF exists.
X =x-1
// Almost sure termination

Completeness assuming the time taken to terminate (stopping time) is integrable

[ Fioriti, Hermanns et al.’15].

Proving bounds on time taken to terminate. [Chatterjee et al.’16, Kaminski et al’26].
Complexity of proving almost sure termination. [Kaminski + Katoen "15].



A note of caution...

while C do
S

(not C) holds?

X:=0

while (x ! =1)
if (flip(o.5))

X=X+1

else

X:=X-1

x is @ martingale of the program

E(x) = o at initial state.
E(x) = o after each loop iteration.

E(x) = 0 holds when program terminates?

X =

1 holds

Facts about expected values at each loop iteration
are not necessarily true when the program terminates.

Doob’s Optional Stopping Theorem: Provides condition when we can transfer.

[ Fioriti, Hermanns POPL'15].




Persistence (and Recurrence)



Beyond Termination..

* We are often interested in proving more complex temporal
properties.

* Two papers in the same conference!
e [Chakarov+Voronin+S' TACAS 16]
* [Dimitrova+Fioriti+Hermanns+Majumdar'TACAS 16]
* Both based on ideas using martingale theory.



Room Heater Example [Abate et al. 2010]

] =21+ bi(xg —z1) +a(zy — 1) + c1(1 —o(z1)) + 11

y . Ty = T + ba(zo — T2) + a(z1 — x2) + co(1 — o(z2)) + v
1 2
Room I, U(-0.01,0.01) Room 1, N(0, 0.25)

22 22
=20 1| =20
B E
§18 518
2 =
= = /w
O O
.16 .16 |
g | | | g | | |
[P} (]
— 0 50 100 — 0 50 100

Time Time




Persistence

Target Set
T

N

Almost surely, all behaviors enter T eventually and stay in there forever.



From Termination to Persistence

Target Set
Vix)<0 = xeT
Decrease Rule
E(V(x)|x) < V(x) —¢
VO N Unsound!

——

t




Unsoundness of SMRFs for Persistence

x decreases by 1 large J large increase tiny J
babilit probability
probability 1p(¥)
W ®© © ©

p(z) =1— 22

l—x

o0
N N 0.5
V(x) = x satisfies the conditions for SMRF. § ' 1 — p(:l?) — E '

The chain visits o infinitely often almost surely! T==—00 z=1



Bounded Increase Condition

Target Set

Vix)<0 = xeT

Decrease Rule
E(V(x')[x) <V(x) —¢

Bounded Decrease Condition

V)-V) <M

If V satisfies conditions above, then

OU(T') almost surely



Room Heater Example [Abate et al. 2010]

T =x1+b1(zg —z1) +alze —z1) +c1(1 —o(z1)) + 111
Th = Tg + by(zg — T2) + a(x1 — z2) + c2(1 — o(z2)) + 15

Temperature (celcius)

Room 1, U(-0.01,0.01)
22

Using Sum-Of-Squares Programming

(z1 — 18.3)2 + (x5 — 18.8)?

50 100,




Open Directions



Challenge #1: Symbolic Domains

* Incorporate Booleans, Graphs and other domains.
* Common in randomized algorithms.
* Benefit by careful mechanization.

* Application areas:
* Dynamics on graphs and social networks.
* Graph rewriting systems (Graph Grammars).
* Self-assembling systems.



Challenge #2: Concentration of Measure
Inequalities

* Understanding when concentration of measure inequalities work.

* Using more properties about the underlying distributions.

* Designer Inequalities.
» Symbolic inference of property specific inequalities.



ThankYou!
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